Abstract. We consider the dynamical system x ttt = c 2 − 1 2 x 2 − x t for the parameter c close to zero. We perform a multiple time scale analysis to provide analytic forms for all bounded solutions of the formal normal form in the phase space, in a neighbourhood of the origin (x,c)=(0,0). These results are contrasted with a numerical simulation of the system.
Introduction
In this paper we consider the dynamical system x t = y y t = z (1.1)
where the suffix denotes
. This system arises in the study of the travelling wave solutions of the one-dimensional Kuramoto-Sivashinsky (KS) equation 2) where the parameter c is related to the wave speed. The pde (1.2) is much studied as a paradigm to understand chaotic behaviour in an infinite-dimensional system, see eg [7] . System (1.1) was studied by Michelson [15] , and is now commonly known as the Michelson system. This system has two important properties that affect the solution set; firstly, it is a volume-preserving flow, div f ≡ 0, f = (x t , y t , z t ).
Secondly, system (1.1) belongs to the class of reversible systems, that is
where R(x, y, z) = (−x, y, −z). This means that if x(t) is a solution, then so is Rx(−t). So there are solutions that are symmetric under R and solutions which are asymmetric pairs under R. Throughout this article we will be interested only in c ≥ 0. When c > 0 there are two asymmetric fixed points F ± = (±c √ 2, 0, 0). The fixed point F + has a complex pair of eigenvalues with positive real part and one real negative eigenvalue. Thus F + has a 2-D unstable (focus) manifold, and a 1-D stable manifold, and vice versa for F − . At c = 0, F + = F − = (0, 0, 0), and the eigenvalues of the linearisation of the origin are {0, ±i}. Thus at c = 0 there is a 'hopf-zero' bifurcation [1, 12] . This is a generic codimension-1 bifurcation in the space of reversible volume-preserving systems; it is the bifurcation that we analyse in this paper.
Numerical and Analytical Results
Very few analytical results for (1. changes (1.1) to the system x t = y, y t = z, z t = 1 − x 2 − 2 1/3 y c 2/3 .
The limit as c → ∞ of this system has been studied by McCord [14] . He showed that the only bounded solution of this equation was a unique heteroclinic orbit X 0 connecting the fixed points F ± . This solution lies in the transversal intersection of the 2-dimensional stable/unstable manifolds of the fixed points. Michelson [15] proves that this orbit exists and is unique for all c greater than some finite c 0 . It is conjectured that it exists for all c ∈ (0, ∞). Lau [13] showed that this connection plays an important organising role in the system as c is decreased. Kent and Elgin [8, 10] discussed a sequence of symmetric heteroclinic connections born in tangent bifurcations of W u (F + ) and W s (F − ) as c decreases. The first tangent bifurcation occurs at c ≈ 1.2827, where a pair of symmetric heteroclinic connections X ± 1 are created. These heteroclinics have two more zeros than the connection X 0 . They noted that there is a family of heteroclinics x(t) = X ± n (t), n = 1, . . . , ∞, which each have 2n + 1 zeros, n zeros in the half-line t > 0 and one at t = 0 required by the symmetry R. These heteroclinics cascade to the parameter value c ∞ = 1.26624, where a saddle-node of periodic orbits occurs. Kent and Elgin argue that with increasing n, each X n looks more and more like a periodic orbit and the saddle node at c ∞ is a consequence of this cascade. Lau's work discovers much more structure in the heteroclinic connections; he shows that symmetric and asymmetric heteroclinic solutions are created as c is decreased to c ∞ , and these form a very complicated tangle structure in phase space, resulting in the formation of a horseshoe at c = 1.26390. This process he calls the 'cocoon' bifurcations. Lau conjectures that these heteroclinic orbits persist as c is decreased. This is in contrast to [10] where it was conversely conjectured that the heteroclinic orbits are destroyed by inverse tangent bifurcations and that for small c the system becomes less chaotic. Here, we will argue that even though we now believe the heteroclinic orbits continue to exist for low c, their presence in the system becomes less important, and the system becomes essentially integrable, as illustrated in figure 1 .
There is no Liapunov function for (1.1), most orbits escape to infinity in both positive and negative time. This is an important property used in the work by Lau. His main tool for observing the movement of the 2-D manifolds is the 'time delay function', defined by
where T ± is for integrating along the trajectory x(t) = x 0 + ±t 0 f (x(s))ds, where x ∈ R 3 and f (x) is equal to the right hand side of (1.1). Pieces of
show up as logarithmic singularities of (1.3), similarly for W u (F + ). Examples are shown later in figures 2 and 3; the plateau indicates that the orbit is trapped for times in excess of the maximum shown. Using this tool, it is then possible to build up a picture of a Poincaré map with section plane x = 0, using symbolic encoding of the 2-D manifolds.
The stability properties of the two fixed points remain unchanged for c > 0, and this determines the types of connecting solutions that may occur. There may be asymmetric homoclinic orbits to each fixed point occurring in symmetric pairs at certain parameter values. Due to the zero divergence, these orbits will satisfy the Shil'nikov eigenvalue ratio condition. This situation is analysed, for example, in [4, 5] . Hooper and Grimshaw [6] found homoclinic orbits at c = 0.83472, 0.48661, 0.48635, 0.31554. There are also heteroclinic connections lying in the intersection of the 2-D manifolds; these are the type discussed by Lau. Finally, there are heteroclinic connections consisting of the 1-D manifolds of both fixed points. Kuramoto and Tsuzuki [11] discovered an analytical form for such a connection: [13] ), there is chaotic motion close to such heteroclinic cycles, similar to the case of the Shil'nikov homoclinic orbit. The analysis for this situation is contained in [9, 12] . One of the results of this paper is the discovery of a cascade of such heteroclinic connections (as predicted in [12] ) for c > 0 small (note the difference with [10] , where it was postulated that the bifurcation at c = 0 created only 1 transverse 2-D to 2-D heteroclinic orbit). One of the main results in this article is a derivation of the the analytic form of the connection, to which these orbits are asymptotic.
Analysis of the system for small c
Chang [2] has carried out a normal form analysis for
for µ close to 0 and has described the qualitative properties of the system (comment: this is equivalent to the Michelson system with the change of variables x = 4y − µ, µ = √ 2c). At c = 0 the Liapunov function for the system (1.1)
implies that there are no periodic solutions, and the only bounded solution is the fixed point (0, 0, 0). For small c > 0, the results of a normal form analysis [2] are summarised in figure 1, which is discussed later. In particular, there is an asymmetric pair of fixed points together with an elliptic periodic solution with approximate period 2π. This solution is easily approximated by a series solution in sines [15] (due to the reversibility):
where
Perturbation Expansions
Due to the pure imaginary pair of eigenvalues in the spectrum at c = 0, the normal form will exhibit an S 1 symmetry at each order of the expansion [3] . The normal form to second order is
where the variables (r, z, θ) are defined in [2] . We see that the azimuthal coordinate decouples from the system. In order to reflect this symmetry, we introduce polar coordinates
into equations (1.1), giving
3)
We rescale x → 2 x, ρ → 2 ρ and let c 2 = 2 2 . Then
Now assume 1, and analyse equations (2.4) using a multiple time scale analysis. Let x(t) = x(t, τ 1 , τ 2 , · · ·), where τ 1 ≡ τ = t, τ 2 = 2 t. Expanding in the small parameter , we have
with similar expressions for ρ and θ, together with
Then (2.4) may be formally written
In the subsequent analysis we carry out the perturbation to order in x.
Equating successive powers of , we find
with solutions
The idea now is to remove secular terms from this system. In the equations (2.9), (2.10), the right hand sides contain terms (similar to)
Thus we can write
∂t nonsec , where the suffixes sec and nonsec indicate secular and nonsecular terms respectively. Separating the parts, we have
To avoid secular growth in equation (2.9), we require
Similarly for equation (2.10),
To avoid secular growth in equation (2.10), we require 
) cos θ 0 + terms with sin 2θ 0 , cos 3θ 0 .
Hence,
Similarly
sin θ 0 + terms with cos 2θ 0 , cos 3θ 0 , and so
To avoid secular growth in equation (2.8), we require
We now analyse equations (2.11) and (2.13), which describe evolutions of the amplitudes B and C on the slow time scale τ . In particular, a full analytic solution to this coupled system is obtained. Moreover, the connection between (x, ρ) and (B, C) is given in equations (2.2), and we see now that the latter variables are obtained by averaging the former over one period in the fast time scale: i.e.
14)
Explicit Solutions

Hamiltonian Structure
The first result is that equations (2.11) and (2.13) can be written in Hamiltonian form with canonical variables (B 2 , C), and Hamiltonian function
Level surfaces then correspond to H = const, which are shown in figure 1 , and which we now examine in detail. Evolution of (B(τ ), C(τ )) on the slow time scale occurs on the level surfaces shown in figure 1 . This is consistent with the normal form procedure, which produces the same figure [2] : as noted earlier, the normal form can be made S 1 -symmetric at every order; that is, the angular coordinate equation will decouple and will be equal toθ = 1 at every order. This is equivalent to averaging over the period of θ in the fast time scale.
It is also now apparent that the normal form analysis only identifies the motion on the slow time scale, and that the additional information present in equations (2.7) is that the variable x 0 undergoes one complete fast time oscillation, with period 2π. The nature of the oscillation is understood by converting (2.7) back to Cartesian coordinates:
Thus x 0 = −z 0 + C(τ ), and on the fast time scale the motion in the phase space is contained in this level set of planes, forcing the fast time oscillation present in (2.7). This will become more apparent in the numerical studies.
Analytic Solutions
The level surfaces H = const are shown schematically in figure 1 , modulo S 1 -symmetry about the C-axis. B C Figure 1 . Phase portrait for Hamiltonian System defined by equations (2.11) and (2.13).
The level surface H = 0 consists of two parts, namely the 1-D to 1-D heteroclinic and the 2-D to 2-D heteroclinic orbits joining the fixed points (B, C) = (0, ±1). An analytic expression for the latter is
while the analytic expression for the former is B(τ ) = 0 (3.5)
The level surface H = 1 corresponds to the fixed points (B 2 , C) = ( √ 2, 0), which in affect is the periodic orbit of equation (2.1). The invariant tori indicated in figure 1 , lying between the fixed point and the outer shell are level surfaces H = const = E, say, with 0 < E < 1. Explicit solutions for B(τ ) and C(τ ) are obtained as
where dn, cn and sd = sn/dn are Jacobi elliptic functions, and m is the elliptic parameter. Substituting these into the expression for H produces
which increases monotonically from -1 to 0 as m increases from 0 to 1. The period of the solutions (3.7) and (3.8) is obtained as
where K(m) is the complete elliptic integral of the first kind. As m → 1,
in the usual way. This concludes an exhaustive study of the equations (2.11) and (2.13). Before leaving this section, we note that as m → 1, the solutions (3.7) and (3.8) asymptote to (3.3) and (3.4) on using standard asymptotic expressions for the elliptic functions, while letting m → 0 produces (B, C) = ( √ 2, 0) as expected.
Approximate solutions to the Michelson system
Consider now equations (2.7) for leading order solutions for x 0 (t, τ ), ρ 0 (t, τ ) and θ 0 (t, τ ). Consider first the case when B(τ ) and C(τ ) are given by equations (3.3) and (3.4) . Then, at O( ), we have a family of heteroclinic connections lying in the 2-D manifolds W u (F + ) and W s (F − ):
The constant A parametrizes this continuous family of heteroclinic connections. This coincidence at low order was observed by [2, 10] . Typically with consideration of higher order terms we would expect such a structure to break and yield transverse heteroclinic connections, but for small we would expect to see a structure which remains close to that resulting from equations (3.11),(3.12), (3.13) . This is indeed backed up by numerical results. Figure 2 shows a trajectory illustrating the structure of the phase space for the parameter value c = 0.074, along with the time delay function evaluated for a set of initial points in the plane x = 0 along the y-axis; recall that the plateau indicates that the orbit is trapped for times greater than the maximum shown. We observe numerically that orbits with initial points within the heteroclinic shell shown in figure 1 remain bounded for very long times (possibly infinite), emphasising the near integrable state of the system. Closer inspection of the time delay function reveals logarithmic singularities in a narrow region on the edge of this structure, implying transverse intersections and chaotic motion, i.e., a departure from the Hamiltonian model, see figure 3. However, these chaotic regions become smaller as c → 0 and evidence for transverse intersections become harder to detect. Next, with (B, C) given by solutions (3.7), (3.8), we find
where A is a constant. As m → 1, and using asymptotic forms for the elliptic functions, the solutions (3.14)-(3.16) asymptote to (3.11)-(3.13), as expected. Conversely, in the limit m → 0, we find
which, with constant A = 0 is the periodic orbit (2.1) discussed by Kent and Elgin [10] , taken to O(c 2 ). This is a fixed point of the equations (2.11), (2.13). The other fixed points are (B, C) = (0, ±1). These are simply the fixed points of (1.1) in the scaled variables. Linearising about the fixed points of (2.11), (2.13) reveals that the periodic orbit (3.17) has eigenvalues λ = ± √ 2i. It is elliptic, and this is consistent with [2, 12] . It is also consistent with (3.7), (3.8) , since close to the periodic orbit where m → 0, we have
Similarly,
For small m > 0 these are the toroidal solutions close to the elliptic periodic orbit of equation (3.17) . They exist in the region bounded by (3.11), (3.12), (3.13), parametrized by 0 < m < 1.
To conclude, consider the solution
This is the heteroclinic connection between the two fixed points of (1.1) to O( ), lying in the coincidence of the 1-D manifolds W s (F + ) and W u (F − ):
As before, this is a degenerate situation and we would expect this structure to break under perturbation of the higher order terms. This problem is studied in [12] , where it is reported that one would typically see a cascade of an infinite number of 1-D connections at a discrete set of parameter values as c → 0 . We have studied system (1.1) for evidence of 1-D heteroclinic connections by taking the x = 0 plane as a section plane and following a trajectory close to F − in E u (F − ), and searching for parameter values c 0 where orbits strike the section plane with z ≶ 0 for c > c 0 and z ≷ 0 for c < c 0 . Then the orbit should pass through the y-axis, where by the symmetry R it is a symmetric 1-D to 1-D heteroclinic orbit. However, this numerical process was found to be very sensitive to such variables as step size and initial condition so that to detect such connections in this manner is computationally difficult, if not intractable. An approximate 1-D heteroclinic connection is shown in figure 4 for the parameter value = 0.0282.
Numerical Studies and Validity of the Results
1-D to 1-D Heteroclinic Orbits
The solutions found in section 2.1 (to O( )) in the expansion (2.5) turn out to be a very good approximation in the numerical simulations. The approximate analytic solution found for the 1-D to 1-D heteroclinic connection (in the rescaled variables) was x(t) = tanh t, which is plotted in figure 4 for parameter value = 0.0282, overlayed with the numerical solution. Figure 5 shows the analytic solution for a symmetric heteroclinic orbit lying in the 2-D manifolds W u (F + ) and W s (F − ) for t > 0. It is part of the heteroclinic shell found in section 3.2 and has the analytic form x(t) = 2 sech t sin t. Note that this is one of two symmetric 2-D to 2-D heteroclinic connections in the heteroclinic shell, the other one is obtained by setting the constant A = π in (3.11) . This is again overlayed by a numerically calculated solution. The two are again in agreement to within the resolution of the figure. 
2-D to 2-D Heteroclinic Orbits
Toroidal Solutions
Consider finally the toroidal solutions (3.14)-(3.16), 0 < m < 1. We now examine whether the behaviour of the system as determined numerically is well approximated by the 'simple' phase space structure the analytic toroidal solutions suggest. Results are shown in figures 6 and 7 for the parameter value 0.02121 (i.e. c = 0.03). Here a Poincaré map, defined with section plane x = 0 has been introduced, and the figure indicates intersections of the orbit with this plane. The parameter A is set to zero in the analytic solutions. A small discrepancy between analytic and numerical predictions is clearly discernable, but this appears only as a slight change in shape of the torus. Qualitatively, agreement is excellent, more so in view of the fact that the numerical results imply a near-integrable system. Discrepancies result from the time-duration required to compute the figures, which is long past the point where the multiple scale expansion might be expected to fail, as slower time scales τ 2 , τ 3 , . . . come into play.
Summary
We have performed a multiple time-scale analysis on the Michelson system (1.1) for low c values, which has provided complete analytic solutions for all of the bounded phase space trajectories in this parameter range. This analysis has not depended on the introduction of normal form variables, although the analysis has shown that the evolution on slowly varying amplitudes is the same as in the normal form. We have demonstrated the near integrable behaviour of the Michelson system for small values of the parameter c, and have presented (approximate) analytic results for both the shape of the invariant tori, and for orbits on these tori. In every case, agreement between these approximate results and numerical simulations of the full system is excellent. As the parameter c is increased loss of this observed nearintegrable behaviour is anticipated, in accordance with studies reported elsewhere [9, 10, 13] . A more detailed investigation is in progress, and results will be reported elsewhere.
